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Outline

@ Ovperations, relations and clones
© Fundamental Galois connection of clone theory

e Classical structural results

@ ~oplications

TU Dresden Intro to clones, Galois theory & applications slide 2 of 41



TECHNISCHE
UNIVERSITAT
DRESDEN

Vocabulary

an algebra A = (A; F) = a set with finitary operations (~
an algebra for a certain monad)

an algebra may have a signature or not

signature = a set of operation symbols + a function
assigning arities to them

variety = equational theory, a class of algebras of the
same signature, fulfilling a given set of identities

n-ary term = an element of the free algebra with n
generators in the category of all algebras of a given
signature

n-ary term op of A = an element of the free algebra with
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@ Ovperations, relations and clones
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Assumptions

@ Everything in Set!!!

@ functions: A, Be Set f: A— B
@ BA:= Set(A B)

@ natural numbers N ={0,1,2,...}
e n={0,....,n=1}forne N
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Finitary operations

Let Abe a set, n € IN an integer, called arity.
f: AN — A
(X0, -+, Xp—1) +— f(Xo, .-, Xn_1)
n-ary function (operation) on A

° Oi\”) := A" set of all n-ary operations
@ set of all finitary operations
Oa:=Upew OX) = {F: AX — A| ke N}
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Special (trivial) operations

@ projections forne IN,,and0 </ <n

el A — A

@ set of all projections J4 := {e,(k) ‘ kelN,0<i< k}
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Composition of operations

n

Forn ke N fe O(A”) and (go, ..., gn_1) € (Oi\k))
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Composition of operations

n
Forn keNfe Oi\”) and (go, . . ., gn1) € (Oi\k)) :
Input: (ap, - -, an_1) € A"
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Composition of operations

Forn keNfe Oi\”) and (go, - .., gn1) € (Oi\k)) :
Output: f(ao, ..., an_1) €A
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Composition of operations

n
Forn keNfe Oi\”) and (go, - .., gn1) € (Oi\k)) :
90 In—1
4 {
Output: f(aop, ..., an_1) €A
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Composition of operations

Forn,k e N fe 0 and (go, ..., gn1) € (Oﬁ\k))

fO(Qo,...,gn_1>Z Ak — A
a=(ap,...,a-1) — f(go(a)....gn-1(a))
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Composition illustrated

A
(n)
90 eon
Ak A" ! A
In—1 9217_)1
A
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Composition illustrated

In—1 e,

A
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Clones

F C O4 (conrete) clone (of operations) on A iff
Q@ JLCF
@ Fis closed w.r.t. composition

@ J, clone of all projections
@ O, clone of all operations
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Examples of clones (l)

° (CA,T) continuous functions of a topological space (A, 7)

° OEZ\,Z) measurable functions of a measurable space
(A %)

° O?A,F) all homomorphisms from direct powers of an
algebra (A, F) to itself.

@ Pick an object A in a familiar concrete category ¢ having

finite powers and forgetful functor U: ¢ — Set.
Consider {U(f) | f € c(A",A),ne N}
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Prototypical construction ()
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Examples of clones ()

@ F C Oy~ close FUJ w.r.t. composition (clones form
closure system).
® A = (A; F) ~ compute all term operations of A.
e A={0,1}, F={min},
~ Clo(A) =

(@, ...,8p—1)—»min{g | iel} | 0#1C{0,....,.n—1},
nE]N+
o A={0,1} F={f}, f(x) =1+ x mod 2.
CIo(A)—JAU{(aO ..... an—1)—f(a)| 0<i<nnelN;}

_ (0) _
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Prototypical construction (l1)

A = (A F), where F COp; f e F function < symbol
~» canonical signature ~ V equational theory generated by A
~» Clo (A) all term op's in this signature (= J,,cpy Fv(n))

Proposition

For every algebra A = (A; F) its set of term operations
Clo (A) forms a clone.

Every clone F C O4 is the set of term operations of some
algebra, namely that of A = (A; F).
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Importance of clones (for universal algebra)

@ Goal of universal algebra: study structures A = (A; F),
where F C Op4. (difficult)

@ Important properties of algebras only depend on Clo (A),
not on F (e.g. substructures, homomorphisms,
congruences, ...).

@ In principle, study of (A; F) such that F clone suffices
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Examples of clones (lll)

Let Abeaset,ae Aand U C A
@ 7,:={feO0,| f(a ..., a = a} apreserving operations
@ Fy:={fe0u| f[U¥'] C U} U-preserving operations
® ().ca T2 clone of all idempotent op's (f(x, ..., x) = x)
® ()yca Fu clone of all conservative op’s (f(xo,....x0—1)€{x0,-.Xn—1})
@ All monotone operations w.r.t. an order < on A:

dp -+ dp—1 f(ao,...,an_1)
by - by f(bo, ..., by_1).

@ All operations preserving every member of a given set of
finitary relations on A.
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Prototypical construction (ll)

Every set of operations described by preserving each relation
of a given set of finitary relations on A forms a clone on A.

Which clones arise in this way? '
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Outline

© Fundamental Galois connection of clone theory
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Finitary relations

@ For m e IN subsets o C A™ are m-ary relations on A

@ Elements (xg, ..., Xm_1) € o also interpretable as
xX:m—A

° Rﬁ\m) =P (A™) set of m-ary relations on A

@ Ra=Upen Ri\m) set of all finitary relations on A
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Preservation (compatibility) relation

mneN, feo peR

X0,0 s X0,n—1

Xm=1,0 " Xm=1,n—1
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Preservation (compatibility) relation

mneN, feo peR

f( xo0,0 CeX0n—1 )
f( Xm—10 -+ Xm—1n-1 )
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Preservation (compatibility) relation

mneN, feol, oeRy

f( xo0,0 CeX0n—1 ) =
f( Xm—10 -+ Xm—ip-1 ) =

TU Dresden Intro to clones, Galois theory & applications
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Preservation (compatibility) relation

mneN, feo peR

f( xo0,0 S Xon—1 ) = Yo
f( Xm—10 “* Xm—in—1 ) = VYm-1
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Preservation (compatibility) relation

mneN, feo peR

f( xo0,0 S Xon—1 ) = Yo
f( Xm—10 “* Xm—in—1 ) = VYm-1
€0 v €0 €0
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Preservation (compatibility) relation

mneN, feo peR

f( Xo0 S X001 ) = Yo
f( Xm—10 “* Xm—in—1 ) = VYm-1

Truth of this condition: f > o
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One way to understand preservation
LetmneN, fe0Y, ocRY.

fo < Vr,...,M1€0:folr,...,M_1) €0
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One way to understand preservation
LetmneN, fe0Y, ocRY.

fo < Vr,...,M1€0:folr,...,M_1) €0

folrg,....,Mm-1)
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Another way to understand preservation
LetmneN, fe0Y, ocRY.

fo0 < Vr,..., M1 € 0: foln,..., M—1) €0
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Another way to understand preservation
LetmneN, fe0Y, ocRY.
fo0 < Vr,..., M1 € 0: foln,..., M—1) €0

0 ‘ A
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Another way to understand preservation
LetmneN, fe0Y, ocRY.

fo0 < Vr,..., M1 € 0: foln,..., M—1) €0
0 ‘ AM
_n
n m\N ~ nym
0" (A7) = (A7)
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Another way to understand preservation
LetmneN, fe0Y, ocRY.

fo0 < Vr,..., M1 € 0: foln,..., M—1) €0
0 ‘ Am A
./C
_n
o (AT) = (A7 Ar
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Another way to understand preservation
LetmneN, fe0Y, ocRY.
fo0 < Vr,..., M1 € 0: foln,..., M—1) €0

L

n

" (AT 2 (A7) A
L
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Another way to understand preservation
LetmneN, fe0Y, ocRY.

fo0 < Vr,..., M1 € 0: foln,..., M—1) €0
0 ‘ Am A
AN
: -m
= i fMe—— | f
o (AT) = (A7 Ar
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Polymorphisms and invariant relations

For FC O4and Q C Rga:

Inv(A;F) :=1InvaF:={p€Ra | VfEF: frp}
Pol (A; Q) :=Poly Q:={f€ 0y | Voe Q: fI>p}

closure operators

F— Polaglnva F
Qw— InvA PO|AO
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What are the closures?

What is
{FCOs| F=PolglnvaF} = {PolaQ| QC Ry}
{QCRa| Q=InvaPola Q} ={InvaF| FC Oa}?
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What are the closures?

What is
{FCOs| F=PolglnvaF} ={PolsQ| QC Rx}
{QCRa| Q=InvaPoly Q} = {InvaF | F C Ox}?

For Q C Ry, the set Pola Q is a clone on A. I
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What are the closures?

What is
{FCOs| F=PolglnvaF} ={PolsQ| QC Rx}
{QCRa| Q=InvaPoly Q} = {InvaF | F C Ox}?

For Q C Ry, the set Pola Q is a clone on A.

F C Polalnva F clone = Clo ({(A; F)) C PolyInvs F
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What are the closures?

What is
{FCOs| F=PolglnvaF} ={PolsQ| QC Rx}
{QCRa| Q=InvaPoly Q} = {InvaF | F C Ox}?

For Q C Ry, the set Pol,y Q is a clone on A

F C Polalnva F clone = Clo ({(A; F)) C PolyInvs F

\Which clones arlse this way?
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Local closure
Given g € 0, and F C O = A",
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Local closure
Given g € Og’), and F C Oi\”) = AA")

g€ AN & (9(X) e | 9X)
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Local closure
Given g € Og’), and F C Oi\") = AA")

gelocyF —

g€ AN & (9(X) e | 9X)
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Local closure
Given g € 0, and F C O = A",

gelocyF —

vX C A" finite

g€ AN & (9(X)) e | 9X)
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Local closure

Given g € Og’), and F C Oi\") = AA")

g € A% & (g(x))gea

gelocyF —

vX C A" finite

df € F:

TU Dresden Intro to clones, Galois theory & applications
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Local closure

Given g € Og’), and F C Oi\”) = AA")

g € A% & (g(x))gea

gelocyF —

vX C A" finite

Jf e F:
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Local closure

Given g € Og’), and F C Oi\”) = AA")

g € A% & (g(x))gea

gelocyF —

vX C A" finite
Jf e F:
flx = glx

TU Dresden Intro to clones, Galois theory & applications
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Local closure is the answer

For F COpaitis Polalnva F = LocaClo ((A; F)).
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Local closure is the answer

For F COpaitis Polalnva F = LocaClo ((A; F)).

{PolaQ| QC Ra} ={LocaF | FC Oy clone}. I
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Local closure is the answer

For F COpaitis Polalnva F = LocaClo ((A; F)).

{PolaQ| QC Ra} ={LocaF | FC Oy clone}. l

Afinite = {Pola Q| Q C Ra} = set of all clones.
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The other side?
What is

{InvAF| F C OA}:{|HVAPO|AQ| QC RA}?

Local closures of relational clones
{InvaF | FCOa} ={LOCaQ| QC Ry relational clone}.




The other side?
What is

{InvAF| F C OA}:{|HVAPO|AQ| QC RA}?

Local closures of relational clones
{InvaF | FCOa} ={LOCaQ| QC Ry relational clone}.

{InvaF| FCOa}={QCR4 | Qrelational clone} l




The other side?
What is

{InvAF| F C OA}:{|HVAPO|AQ| QC RA}?

Local closures of relational clones
{InvaF | FCOa} ={LOCaQ| QC Ry relational clone}.

{InvaF| FCOa}={QCR4 | Qrelational clone} I

They have got an intrinsical description, but technical!
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Outline

e Classical structural results
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Structure of all clones

@ L, set of all clones on A

® (L, Q) poset, even complete algebraic lattice.

® L, closed under [, i.e. closure system

@ closure operator O4 2 F — (F) =least clone containing
F = closure of F U Ja against composition = Clo ((A; F)).

o VF=(UX)
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Clone lattice on A = ()

OOAZJA:CA
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Clone lattice on A = {0}

Oa=Cy

Ja=0,\00
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Clone lattice on A = {0, 1} (without O?)

Emil Leon Post (1897 — 1954)



(without %)

=1{0,1}

Clone lattice on A
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Clone lattice for 3 < |A| < N

Draw a picture!
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Clone lattice for 3 < |A| < N
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Minimal and maximal clones

Usually for finite A.
Oa=Cyp

coatoms = “maximal clones”

F = Pola {0}, o Rosenberg relation

atoms = “minimal clones”

F = Clo ((A; f)), f minimal function
Jp=0,\00
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Classification of minimal functions

Theorem (I.G. Rosenberg, 1983, 1986)
ﬂ Every minimal function f € Op (2 < |A| < Ro) satisfies one of the following
conditions
Q fe OS) and (f2 = f or fP = id4 for a prime p).
@ e Of) idempotent, i.e. YV x € A: f(x,x) = X.
® fe O(AS) majority operation, i.e.
VX y€A: f(xxy)=1fxyx)=">f(yxx) =x

Q fe Of) andVx y,ze A: f(x,v,2) =x+y+ z where + € O(Az) isa
BOOLEan group operation, i.e.Vx € A: x + x = 0.
@ fe Og") 3 < n-ary semiprojection, i.e.

1 <i<nVxeA™: |imx| <n = f(x) = x(i).

@ Cases (1) and (4): conditions even sufficient for minimality of Clo ((A; f)).

TU Dresden Intro to clones, Galois theory & applications slide 35 of 41
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Maximal clones

Theorem (I.G. Rosenberg, 1970)

A finite, F < O maximal iff F = Pola {e},for o
@ partial order with least and greatest element.
© graph {(x, f(x)) | x € A} of prime permutation f
© non-trivial equivalence relation on A.

@ affine relation w.r.t. some elementary ABELian p-group
on A, p prime.

© a central relation of arity h (1 < h < |A|).
@ an h-regular relation (3 < h < |A|).
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Outline

@ ~oplications
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CSP (Constraint Satisfaction Problem)

@ X = a finite relational language,
® Rel (X) category of all relational structures in language £
® Rel;, (X) full subcategory of Rel (X): objects with finite
carrier sets
Definition
For B € Rel 4, (X), CSP(B) is the membership (decision)
problem for the following set: {A € Rel 4, () ’ A— IB}
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Facts
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Facts
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Facts

ForB € Rel 4, (X), CSP(B) is in NP.

For which B € Rel 4, (¥) is CSP(B) in P?

For every B € Rel ;, (¥), CSP(B) either is in P oritis
NP-complete.
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Where does clone theory come into play?
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Where does clone theory come into play?

IfB, C € Rel 4, () have the same carrier and Pol B C Pol C,
then CSP(C) is polynomial-time reducible to CSP(B), i.e.,
CSP(C) is at most as hard as CSP(B).
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Where does clone theory come into play?

Proposition

IfB, C € Rel 4, () have the same carrier and Pol B C Pol C,
then CSP(C) is polynomial-time reducible to CSP(B), i.e.,
CSP(C) is at most as hard as CSP(B).

Recent research

One proves that CSP(B) belongs to P by finding nice
polymorphisms in Pol B, e.g. semilattice, nu, Mal cev, totally
symmetric idempotent, edge operations . ..
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A relational decomposition theory for algebras
(RST)

A= (AF)
_ Inv4
=term
| Inv4
U
((A5 Clo (A») (A = (Ajlnv A>) U C A special subset,
Poly neighbourhood. J
lu
Invy
((U; Poly [Inv A} ) (Al = (U; [Inv AT 1))
PO|U

I ={SnuUr%| SeinvA}

Aly
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