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5. (Galois connections

The notion of Galois connection was introduced in 2.11 (see http://settheory.net/set2.pdf) with
its first properties. Let us develop and use them further.
For all (1,T) € Gal(E,F) and all f € E¢, g€ F¢ wehave f < Tog«<g< Lof.

Monotone Galois connections

The permutation Cy, reversing the inclusion order in F' = P(Y), adapts the fundamental example
to monotone Galois connections: any R C X X Y defines an (u,v) € Gal™ (P(X),P(Y)) by

VACXu(A)={yeYBredzRyt=|J Bx)=R(4) R =u{z})  u®)=0
TEA
¥B C Y,u(B) = {z € X|R(x) C B} = R*(P(B)) R(y) =CxoCy{y}) o(¥)=X

Indeed, VA C X,VB C F,ACv(B) < (Vx € A,ﬁ(ax) C B) & u(A) C B.
The case R = Gr f where f € YX gives (f., f*) € Galt(P(X),P(Y)).
The case R = !Grg where g € XY gives (¢g%,0x 0 g« 0 Cy) € Gal™(P(X),P(Y)).

Proposition. Let E, F, G three ordered sets, (u,v) € Galt(E, F), and (u',v") € Gal(F,G) (resp.
Gal®(F,G)). Then (v ou,vov') € Gal(E,G) (resp. Gal™ (E,G))
The monotone case is written Va € E,\Vy € G,z < v(v'(y)) © u(z) <v'(y) v/ (u(z)) <y. O
IftE=PX),F=PY),G=P(Z),if (u,v) is associated to R C X XY and (u/,v")to R’ C Y x Z,
then (u' ou,v ov’) is associated to R” C X x Z defined by:

— Antitone case: zR"z & ﬁ( ) C § , l.e. R (x) = ﬂyGR(m) ]?(y)
_>
— monotone case: TRz & 1_% N E #0, ie. P?( ) =U,ciw R'(y).
_>
In both cases, if R = Gr f Where f e YX then ]? Rof.
In the monotone case, if R’ = Grg where g € Z¥ then ]? =g, 0 ﬁ

Proposition. Let E, F, G three ordered sets, (u,v) € Galt(E, F), f € GF, g€ GF.
1) If f is monotone and fov < g then f < gou.
2) If g is monotone and f < gow then fov < g.

Proofs: 1) f < fovou<gowu;2) fov<gouowv<g. 0
(Note: both cases are symmetrical, though this symmetry is twisted).

Upper and lower bounds, infimum and supremum

In any ordered set E, the relation < itself defines (+g, —g) € Gal(P(E), P(E)):

VAC E,+(A) = {y € EVz € A,z <y} = {y € E|A c E(y)}
VAC B, ~(A)={z € Elvye Az <y} =) S(a).
z€A

The elements of —(A) are the lower bounds of A, and those of +(A) are the uper bounds of A in E.
108 =2 and —oZ =% asVa,y € E, ye?( Jer<ys <( ) C <(y)<:>y€+(_( ).
In a subset BC E,VAC B,—p(A) =BN—(A)A+5(4) = BNn+(4).
Any upper bound of A in A is called the greatest element (or maximum) of A. Similarly, a least
element (or minimum) of A, is a lower bound of A in A:

zmaxAeoreAN+(A) e (e ANAC €)@z € +4(A)
x:minA@wEAO—(A)ﬁ(Acg(x)AxEA)

In particular z : max %(m) Such an element is unique (VA C E,!z € E,z : max A) because
- -
(x:maxAAy maxA)=(r € ACKX(yYAycAC <(x))=>x=y.
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An infimum is the greatest lower bound; a supremum is the least upper bound, when they exist:
z:infAs z:max—(A) &z e —(A)N+(—(4))
z:supA<z:min+(A) & x € +(A)N—(+(4))

We have x : min A = z :inf A as A C +(—(A)). Similarly z : max A = x : sup A.
If E=P(X),

U A:sup A
m A:inf A
Proposition. For any monotone function f € F¥, any © € E and any A C E, we have
x:max A = f(x): max f[A]
x:min A = f(z): min f[A]
The proof is easy and left to the reader.
Proposition. VAC E,Vx € E,z:inf A & <g(z) —(A)
Proof:

(WeE,y<ze Ac 2(®)).

<

7€ +(—(4) & —(4) c (@)
ze—-(A)eAcZ)=+E@x) e @) c-A) O
Proposition. V(L,T) € Gal(E, F),

Vo € B, L(z) : max T*(Z(2))
T o+g=—pol,
VACENz € E,z:supA = L(x):inf L[A].

Proofs:

zisup A= (L)) = T(Z (@) = T*(+(4)) = —(L[4]) 0
Proposition. For any closure f on F, denoting K = Im f we have Vx € E,
f(z) : min(K N Z(m))
VACK,z:infAs x: i}l{fA

Proofs : (f,Idg) € Galt(E,K) = (f(z) : minld}(g(x)) A (z:infxg A = Idg () : inf Idg[A])).
Vye A,z <y< f(r) <ythusz:inf A = f(z) € —(A) = Z(x), but x < f(z) thus z = f(x) € K.
(I

Complete lattices

A complete lattice is an ordered set E where each A C E has a supremum, denoted sup A,
and thus also an infimum inf A = sup—(A4) (as —(+(—(4))) = A& Then E has a minimum
0=supl =inf £, 2 maximum 1 = inf() = sup F, info< = Idg = supo <, < oinf = —, ?osup +,
Zoinf=+0—, Sosup=—o-, (inf, 2) € Gal(P(E ) E), and (sup, < i) € Galt(P(E), E).

The predlcate x : sup A is rewritten x = sup A. Suprema and infima apply to families:

\/ i = sup{a;|i € I} /\ i = inf{a;|i € T}

il i€l
Yy € E, \/zigy@ViGI,xiSy yg/\xi@ViEI,ygxi
i€l i€l
The case of tuples defines operations (the only ones in incomplete lattices):
Vr,y € E, xVy=sup{z,y} x Ay = inf{z,y}
Vz e E, zVy<ze (z<2)A(y<2) z<zAhye ((z<z)A(2<y))

xVyVz=(xVy)Vz=sup{z,y,2} cAyAz=(zxAy)Az=inf{z,y,z2}

Any set E = P(X) is a complete lattice where sup = |J and inf = (). But V and A are not
always distributive like U and N. For instance, in the lattice {0,1,x,y, 2} where x,y, z are pairwise
uncomparable, x A (yVz)=xAl=zbut (xAy)V(xAz)=0Vv0=0.

Between two lattices E, F, V(L,T) € Gal(E, F),Vx,y € E, L(z Vy) = L(z) A L(y).

(With an monotone function f € F¥, we only have sup f[A] < f(sup A) and f(inf A) < inf f[A].)
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Theorem. Let E a complete lattice, F an ordered set, and f € F¥. Then

— (VACE, f(sup A) :inf f[A]) & (g€ ET, (f,9) € Gal(E, F)) = (f(0) :max F)A((f(1) :minIm f))
— (VACE, f(sup A) : sup f[A]) & (Jg € E¥,(f,9) € Gal*(E, F)) = f(0) : min F.

— (VA C E, f(inf A) : inf f[A]) & (3g € EY, (g, f) € Gal*(F, E)) = f(1) : max F.

Proof. Vy € F, let A, = {z € Ely < f(z)}, and g(y) = sup A, = sup < (g(y)). If f(sup A) : inf f[A],
VACE,ACA, & Vre A y< f(x))ey< f(supA)
Ay CAy=y< f(supAy)
Sg(y) € Ay <y < fsup Z(g(y))
Finally, (Vy € F, 4, C €(g(y)) C A,) & (f.g) € Gal(E, F). 0

Theorem. Let X a set, E a complete lattice, G = Gal(P(X), E), and s = (X > « — {z}). Then
G = EX by the bijection ¢ = (G > (L, T) + L os), with inverse ¢ = (EX > f + (infof,, f* o 2)

Proof: first, Vf € EX, ((f., f*) € Gal*(P(X), P(E)) A (inf, ) € Gal(P(E), E)) = 4(f) € G
Then, Vf € EX, ¢((f)) = infof. o s = f. Finally,
V(L,T)eGrxeX,yeE,x € T(y) &y < (L, T)(x). But (L, T)— T is injective thus ¢ too. O

Corollary. For all sets X and Y, Gal(P(X),P(Y)) 2 P(Y)X 2 P(X xY).

A subset F' of a complete lattice F is said stable by infimum iff VA C F,inf A € F'. The stability
by supremum is similarly defined. A set of subsets F C P(X) can similarly be called stable by unions
(which implies @ € F'); stable by intersections (including the case (1@ = X € F, for a fixed X).

Proposition. Let F a complete lattice, and K C E. The stability of K by infimum is equivalent to
the existence of a closure Cl with image K, and implies that:

1) K is a complete lattice where VA C K,infx A = infg A, and 1 = 1g(= inf 0).

2)VA C K,supgr A = Cl(sup A).

3) VA C E,Cl(sup A) = CI(V,c 4 Cl(z))

Proof: (K stable by inf) < (K complete lattice and VA C K,Idk (infx A) = inf g Id g [A])
& (3Cle KP, (Ol 1dg) € Galt(E, K)) = K = ImCl
We easily deduce 1) and 2).
3)Vye K,supA <y« (Vo€ A,Cl(z) <y) & (V,ca Cllx)) <y O

The representation by <Z of any ordered set E as a set of subsets ordered by inclusion, imbeds
it to the complete lattice K = Im —, stable by intersections, where infimums are intersections. Both
coincide if E already is a complete 1att1ce (Im < S-K ), as the construction merely adds the missing
infima/suprema (elements of Im — \ Im <).

As +0X = < and Cg o + is a strictly monotone bijection from Im — onto Im(EE o +), the
construction is symtrical, giving another presentation of K as set of subsets stable by unions; but
both types of stability are not present on the same representation.

But even a strictly monotone function f from F to a complete lattice F' conserving infima, may
not be extendable to a function from K to F with this property. Indeed there may exist z,y,z € E

where —{z, y} = —{z, 2} but f(z) A f(y) # [(z) A f(2).
For all complete lattice F' and all set E, the set F'¥ is a complete lattice, with for any A C F'?,
sup A = (z — sup{f(z)|f € A}) and similarly for the infimum.

Proposition. Let E an ordered set, F a complete lattice, and /* = (F¥ > f + suppof. o <§E)
Then A is the closure with image the set C' of monotone functions from E to F.

Proof: Vf € FE, 7 f € C as sup, f* and < are all monotone.

Then, f < MfasVe e B,z € <(z L <supf ()] = /7 f(x).
Finally, Ve C,Vx € E,f < g = Vy € <(z), f(y) < g(y) < g(x)) = sup f[%(a:)] < g(z). O

Tarski’s Fixed Point Theorem

Let E be a complete lattice in all this section. Let VF' C E,Vax € E, Tp(x) = F N 2(;10) so that
(infp(py, Tp) € Gal(P(F), E) = EF 5 1dp. Its closure Clp = infoT g € E¥ is itself a component of
(F+ Clg),T) € Gal(P(E), EF) = (EE)E 5 (y = (z = (x <y — y[1))), where

VfeEY, T(f)={yeENze Bz <y= f(z) <y} ={z € E| /' f(z) <a} =T(f)
Its closure will be written E¥ 3 f — [f] = Cly(s). We have /' f <[/ f] =[f].
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Proposition. For any closure h € E¥ we have Imh = T(h), and h = [h].

Proof: (h closure) < (Id < h AImh C T(h)) = (h,Idv@)) € Galt(E, T(h)) = Imh = T(h).
Other method: Vo € E, (v < h(x) Ah = h) = (x € Fixh < h(z) <z <z € T(h)).
Finally, Vo € E, h(z) : min(Imh N 2(:1;))7 thus h = Cliyp, = [h]. O

Proposition. VF C E, T(Clg) = inf[P(F)], and (F is stable by infima) < T(Clp) = F.
Proof. T(Clr) = Im Clp = Im(inf|p(py). Then inf[P(F)] C F & T(Clp) C F < (T(Clp) = F). O

Any intersection of subsets of E stable by infima is itself stable by infima.
For all F' C E, the stability of inf[P(F)] by infima can also be directly seen in this way :
VB C inf[P(F)],3JA C P(F), B = inf[A] (namely A = {X C F|inf X € B}).
But (inf, <) € Gal(P(E), E) thus VB C inf[P(F)],inf B = Ay, inf X = inf(|J A) € inf[P(F)].

Theorem. Let g= /f € E¥, K =T(f) = T(9) = {z € E|g(z) <z}, h = [f] = Clg. Then
Vz,ye B,gz) <y<r=yeckK

2)glK|C K

3) inf K : min Fix g. In particular, Fix g # ().

DYVr,ze E,z€ Tig(x) & (2Vyg(z) <z

5)Vx € E h(z) = (zV g(h(x))) € Tk(x)

6) ho f <hog<goh <h, that become all equal if f is extensive.

Proofs:

Dgx)<y<z=gy) <glx)<y=yekK

2) by 1) with y = g(x)

3)infK=xz€K=((g(x) <z)A(g(z) € KC 2(x))) = a €FixgC K C ().

4)z€Tr(@) o (e KN (r<2) e ((9(2) <2)A(r<2) & aVyg(z) <z

5) Let y = 2 V g(h(x)). Knowing that (h(x) : min T g (z)) we have g(h(z)) < y < h(z) thus y € K.
But z <y thus y € Tg(z) thus h(x) <y, thus h(z) = y.

6) Ve € B,z < h(zx) € K = g(z) < g(h(x)) € K = h(g(x)) < g(h(z)) < h(h(z)) = h(z). O

Notes:

— 5) = 3) by inf K = h(0); Conversely, 3) applied to ¢’ = (y — z V g(y)) gives back 5). Moreover,

9= ly—=y=0—=xVf(0)]f()

— Vg€ EX, T(gV f)=T(f)NT(g) C T(go f)

— If f and g are extensive and g is monotone then T(f) N T(g) = T(go f).

Proofs: Vy e T(f)NT(g),Ve € B,z <y = f(x) <y=g(f(z)) <ythusy e T(go f).
(Id < f,g monotone) = (Vy € T(go f), Ve <y, g(x) < g(f(z)) <y) = T(go f) C T(g).
ld<g=(vyeT(gof), Ve <y, f(z) <g(f(z)) <y) = Tlgo f) € T(f) O

Theorem. If there are injections f € YX and g € XY, then there is a bijection between X and Y.

Proof: the function P(X) 3 A — Cxg[Cy f[A]], made of 2 monotone and 2 antitone functions, is
monotone thus has a fixed point F. Then g defines a bijection from Cy f[F] onto Cx F', whose inverse
allows to complete fjp into a bijection X 3z — (z € F — f(x)|g~*(2)) from X to Y. O

Transport of closure

Proposition. Let E and F complete lattices, (u,v)€Galt(E,F), BC F, fe E¥, ge F¥'. Then
1) Tyl =v«0Tpou

2) Clygy=voClgou

3)uof<Clgousv[B]CT(f)euo[f]<Clgou

4) Mfov<wog=uof<gou=uo  f< Nglou= fov<wvo Ng.
5)uof<gou=v[T(9)) CT(f) euclf]<[gloue [flov<vo[g]=u([f](0) < [g](0).
Proofs: 1) is easy; it implies 2) by inf ov, = v o inf.

3)uof<Clgou+ f<voClgou=Cl,p < v[B] C T(f). Or more direcly:

(Vxz € E,Vy € Byu(z) <y=u(f(z)) <y) e (Vye B,Vx € E,x <v(y) = f(z) <v(y)).
The second equivalence is deduced by T(f) = T([f]).
HId<vou= f< Afovou<wvogou. Then, f <wvo Hg)ous Sf<wvo A(g)o
Hence 5). O

Case of E = P(X)
Then EF = P(X)F = P(E x X), so that the Galois connection ((F +— Clg), T) comes from the
relation between E and E x X, defined by (A,(B,z))— (BC A=z € A).
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Proposition. Let X,Y two sets, fe 77( yPO)

(2) (VA C X, u[f(A)] C Q(U[A])) (VB € T(g),u™(B) € T(f)) & VAC X, u[[f]
SVBCY,[fl(u

(3) (VA C X, g(u[A]) C ulf(A)]) = (YA € T(f),ulA] € T(g)) & VA C X, [g](u[A

(4) (VB CY,u(g(B)) C f(u"(B))) = VB CY,u*([g](B)) C [f](u"(B)).

Proof: formulas (1), (2) and (4) are deduced from the above; we verify (3) by
VA e T(f),VBCuld], ¢g(B) = glul[Anu*(B)]) C u[f(Aﬂu (B))] C wulA]

vACX, (([[f1(A)] € T(9) A (@A Cul[F1AN) = ([9](u[A]) Cul[f1(A)]). O
Proposition. Let E=P(X), f € EF, A€ E and fa = (P(A) > B~ f(B)N A). Then

VB e T(f),ANB € T(fa)

A
VB C A, [fal(B) C [f1(B)
VB € E, [fal(AN B) C [f1(B).

If moreover A € T(f) then T(fa) = T(f)NP(A), and [fa] = [flipca)-

Preorder generated by a relation

.9 € P(Y)POY) and u € YX. Then
1))

() € [9(ul4)

A\_/

For any sets F, F, any f € FF and any relation R of preorder on F, the preimage of R by f,
defined by (z,y) — (f(z) R f(y)), is a preorder on E. It is the only preorder on E for which f is
strictly monotone from F to F.

Notations. Let F = P(X) and Bx = P(X x X). Let (), p) € Galt(Bx, E¥) associated with the
injection X x X > (x,y) — ({z},y) € E x X, namely

VR € Bx,Vz € X, \(R)({z}) = R(z)
A(R)(A) = 0 if A is not a singleton
Vf € BY Yo,y € X, p(f)(z,y) &y € f({z}).
Then let (Cut,Pre) € Gal(Bx,P(FE)) associated with the relation {((z,y),A) € (X x X) x Elz €
A=yeA}:
Cut(R) = T(\(R)) = {A€ ElVe,y € X,(c RyAz e A) =y e A} = {Ac X| | ] R(x) C A}.
zeA
Pre(F) = p(Clp) = {(z,y) € X’NA€ F,r € A= yc A}
Pre(F)(z) = |{A € Flz € A}.
These notions show a new symmetry: VR € Bx, Cut(‘R) = Cx[Cut(R)]. Thus,
Pre(F)(z) = (B € E[LxB € F Az € B} = Cx | J{A € Fla ¢ A}
Theorem. The set Im Pre of closed elements of Bx is the set of preorders on X.
Proof: for all set Y, VR CY x X,Vx,y € X,
Pre(Imﬁ)(x,y) < (VA e Imﬁ,x cEA=>yeceA) e (VzeY,x e T%(z) =yc 1433(2))
& (VzeY,z e <E(Js) =z € <E(y)) & (E(a:) C <}—%(y)

Thus VF' C P(X), letting Y = F and RB= Idp, (i.e. R="€), we have Pre(F) = Pre(Im 1_%), preorder

given as preimage by R of inclusion.
Conversely, with Y = X, any preorder R on X is = Pre Imﬁ ) € Im Pre. U

Definition. For any binary relation R on a set X, the preorder generated by R, denoted [R], is the
relation Pre(Cut(R)), which is the smallest of all preorders greater than R.

Proposition. VF C E,YA € E, A € Cut(Pre(F)) < U,c4 (B € Flz € B} = A.

Proof:
A€ Cut(Pre(F)) < | J Pre(Fj(z) C A

z€A

s | J({BeFlzeBlcA

z€A

The other inclusion comes from Vz € A,z € Pre(F)(z). O
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Theorem. The set Im Cut of closed elements of P(E) is the set of parts of E both stable by unions
and by intersections.

Proof: Cut = T oA = ImCut C Im T thus any element of Im Cut is stable by intersections. Sym-

metrically, it is also stable by unions.

Conversely, if F' is stable by unions and intersections then Cut(Pre(F)) C F by the above proposition,

thus F' is closed. O
Let us further comment this result: starting from any F' C F = P(X), we might consider the set

of intersections of its parts, that would be stable by intersections. But we only take those of Im Pre(F ).

Then, we take a set Cut(Pre(F')) of elements each equal to the union of a part of Im Pre(F). And
what is remarkable, is that this set Cut(Pre(F')) includes F' and is both stable by unions and by
intersections, thus is the smallest set stable by unions and by intersections that includes F. (It is thus
also the set of all unions of intersections of parts of F'.)

This property of any P(X), does not generalize to other complete lattices. In any complete lattice
E, there is indeed for any F' C E a smallest set stable by suprema and suprema that includes F,
just like any set T(f) N T(g) of elements both closed for closures f and g is that T(g o f) of closed
elements for a third closure h = [go f]. But this go f that is here F' +— sup[P(inf[P(F)])], needs not
be a closure. Indeed a finite lattice can easily be found, with a part stable by infima but the set of
its suprema is not stable by infima.

As a particular case of the previous remarks, any intersection of unions is also an union of
intersections. Formally,

B= ﬂUA”:B U m A;; where C, = {(4,7) EHJ\&L‘GA”}
i jeJ; z€B (i,j)€Cy
This formula can be directly checked once translated from the formalism of sets to that of formulas:
(Vy3z, A(z,y, 2)) & (32, (Vy3z, A2, y, 2)) AVYVz(A(2',y, 2) = A(z,y, 2))).

Let us see how the fixed point theorem applies here.
Let R € Bx, f = AM(R) € EF. The function g =  f is now written

VA € E, 9(4) = J Rx)

T€EA
VAe E,Vy e X, yeg(A)(:)(HxEA,ny)ﬁAﬁﬁ(y)#@.
Then, let h = [f] = Clou g € (Cut R)®. As Cut R is stable by unions,
VA€ E, | J h({z}) € Cut R.

TEA

With h({z}) = [Tﬁ(x), and applying to A = (J,c4{z} the formula Cl(sup A) = CI(\/, ., Cl(x)) we
get
h(A) =[R], (A).
The fixed point theorem then says VA € E, h(A) = AU g(h(A)). In particular,
Ve,ye X,z [Rly<s (x=yVvIze X,z [R] zAz Ry).
For any sets X,Y, R € Bx,S € By, and u € YX,
VB CP(Y),Va,y € X, P}lge(u* [B])(z,y) < P}ge(B)(u(a:),u(y))
(Va,y € X, 2Ry = u(zx) [5] u(y)) = uw*[Cut(S)] C Cut(R)
=Va,y € X,z [R] y = u(z) [S] u(y)
(Vz € X, S (u(z)) € u[B(2)]) = u.[Cut(R)] € Cut(S)
= (Yo € X,[S](u(a)) € ul[R](x))
(Vz € X, T (u(z)) € u[R(2)]) = u.[Cut('R)] C Cut(’S)
= (Yo € X, [S](u(a)) € ul[R](@))).

The second formula can also be obtained this way:

[S] is a preorder on Y thus (z,y) — (u(x) [S] u(y)) is a preorder on X, that must be greater
than R by hypothesis. It is thus also greater than [R| (the smallest preorder greater than R).

Finally, if X C Y and R is the restriction of S to X, then Va,y € X,z [R] y = = [S] y. If
moreover X € Cut(S) or X € Cut(’S) then Va,y € X,z [R] y < x [S] v.
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Finite sets

Definition. Let X a set, and S the binary relation on P(X) defined by
VAL BCX,ASB< (ACBA3IzxeBr¢A)oIxeX,ao¢g ANB=AU{x}.

A subset A C X is called finite iff § [S] A; X is a finite set iff § [S] X (it is a finite subset of itself).
A set that is not finite is called infinite.

Proof of equivalence (the finiteness of A is independent of X):
P(A) € Cut(*S), thus the restriction of [S] to A is the [S] on A. O

Let us specify how this notion of finiteness is related to the intuitive one, called meta-finiteness
(as it coincides with the application of this set theoretical notion of finiteness on the meta level, see
1.7).

Any meta-finite set X is finite: starting from ) then adding one by one each element of X until
obtaining X, the finiteness of each of these sets is successively deduced from that of the former. In
particular, () is finite, then singletons and pairs are finite, etc.

Conversely, assume there is a set F' exactly containing the meta-finite subsets of X. Then () € F
and F € Cut(S). But the set FT((Z)) of finite subsets of X is the smallest set with this property, thus
must be included in F, so they are equal. But, nothing can ensure F' to exist in the universe, by lack
of a formal definition of meta-finiteness.

But if X is not meta-finite then neither is P(X), so that P(P(X)) might not contain truly
all subsets of P(X), among which the set F' of meta-finite elements of P(X), that has no first-
order definition. Thus X might satisfy the formal definition of finiteness “by mistake”. This fact of
indefinability of finiteness in first-order logic was already seen with the incompleteness of arithmetic
and the existence of non-standard models in section 3.

Proposition. The direct image of a finite set by any function is finite.

Proof: Let f with domain X fini, and Y = Im f. Then

VA,BC X,AS B = (flA] = fIB]V f[A] § f[B]) = fIA] [S] f[B]
0[S1X = fI0] [ST fFIX] =0 [S]Y

Terminology. A “finite family” is a family indexed by a finite set. Also, a finite operation is an
operation on a finite family: for example, a finite product is the product of a finite family of sets
(even if these sets may be infinite).

Theorem. Let (E,, R;).cx a finite family where R, is a binary relation on E,. On P =[]
consider the binary relation T, called tensor product of the R,, defined by

zeX

Vu,v € PulTv & 3rv € X, u, Rov, ANVy € X,y # = uy = vy,

Then, Yu,v € P,u [T| v & Vo € X, u, [ Ry |ve.

Proof. For the direct implication, let Vo € X, 7, = (u + u,) € EX the canonical surjection.

Yu,v € PuTv = (uy = vy V Uugp Rypvy) = mp(u) [ Ry |72 (v)
Yu,v € Pu [T v = mp(u)[ Ry )7 (v)
For the converse, Vo € X,a € P, let j2 the function from E, to P defined by
Vb e E,,Vy € X, ji(b)y = (b,ay)(y = x).

Then, Vw € P,Vx € X,Va,b € E;,aR;b = j¥(a)Tj¥ () thus a [R;] b= j¥(a) [T] 72 (b).

Then, Yu,v € P, let ¢ € PPX) defined by ¢(A)y = (v, us)(z € A) Let A,B C X such that
A S B, and z € CpA. Letting w = ¢(A), we get j¥(us) = ¢(A), j¥(vz) = #(B), so that the
hypothesis implies ¢(A) [T] ¢(B). Thus ¢ is monotone from (P(X), [S 1) (P, [T).

We conclude ¢(0) [T ¢(X), where ¢(0) = u and ¢p(X) = v. O
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Proposition. In the powerset of a finite set X, [S] is the inclusion relation.

This is the application of the theorem to E, = P({z}) ~ V and aR;b < (a = O A b = {x}).
Indeed, P ~ P(X) which maps T to S, and translates (Vx € X, u,[R;]v,) into A C B. O

Corollary. If X CY (or if there is an injection from X toY ) and if Y is finite then X is finite.

Proposition. For any finite union U = A, U is finite iff all A; are finite.

zeX

Proof: first when the A, are a partition of U, the result expresses the theorem applied to the family
of B, = P(A,) with S, where P(U) ~ [[,cx P(Ez).

In the general case, if all A; are finite, then U is finite as an image of the canonical surjection
from HmeX A, to U. Conversely, if U is finite then A, C U is finite too. O

Corollary. If X and Y are finite sets then X x Y is finite.

Lemma. Let X a set and K C P(X) such that ) € K, (Vx € X,{z} € K) and (VA,B€ K,ANB =
) = AU B € K). Then K contains all finite subsets of X.

Proof: Let A,B C X such that A S B. 3z € X,An{z} =0AB =AU {z} A {z} € K, so that
(A€ K = B e K). Thus K € Cut(S), and () € K gives the conclusion. O

Finite Choice Theorem. For any finite set X, ACx.
Proposition. Any finite product of finite sets is finite.

Let us deduce in parallel both results from the lemma.

So let (E;)zcx a finite family of sets (nonempty, resp. finite).

Let VA C X, Py = [[,c4 Ee, and let K = {A C X|Py is finite , resp. # 0}.

From Py = {0} we get ) € K. Then, Va € X, P(,y ~ E, thus {z} € K.

Finally, VA, BC X,ANB=0= Payp~ Py xPgdonc ( Ac KABeK)=AUBE€K.

But X is finite, thus X € K. O

Theorem. Let X aset, E = P(X) and F C E the set of finite subsets of X. Let f € EF¥ such that
VAe E,Ae FV f(A) =0. Still denoting VA C E, fa = (P(A)> B+~ f(B)NA),

Ve X,z e [f]l0) & BAeF,z e AN[fa](0) = A)
VBCcX,VexeX,ze[f|(B)& (FAe Fee AN[fal(ANB)=A)

The latter formula is deduced from the former by replacing f(@) by f(0) U B. As the converse is
clear, let us prove the direct implication. Let

K={zeX|3Ae F,x € AN[fal(0) = A}.
For all B C K and all y € f(B), here B is finite. By the finite choice theorem,
JAc FB Ve e Byx € Ay A[fa,]1(0) = A,.

Let C = {y} UU,cp Az It is finite, as a finite union of finite sets.

Vo e B, [fa, |(0) = A, C C thus A, C [fc](0).

But Vz € B,z € A, thus B C C, and B C [fc1(0).
)=C, thus y € K.

(
But y € fo(B) thus y € [fc](0). Finally [fc](0
We conclude: VB C K, f(B) C K, thus [f](0) C K. O

Example: VR € Bx,Vz,y € X,z [R] y & JA finite C X,z € ANy € ANz [Ra] y.
On the other hand, we can note that VB C A, *(fa)(B) = 7 f(B)NA.

Corollary. For any closure h on E, (3f € E¥ h = [f]A\VA € E,Ac FV f(A) = 0) & (VB €
E ¥z € h(B),3A finite C B,z € h(A)). Such a closure will be called finitary.

3.9. Generated equivalence relation, and more

Let (f;)ier a family of functions with domain X, and f = [[,c; fi € (IT;c; Im fi)*. Then

iel
Yo,y € X, (/@) = f0) (Vi € 1. fi(a) = fi(y) e, ~=inf{~]i € I}
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This expresses the fact that the set of equivalence relations on X is stable by infima.

Other method: the set of preorders is stable by infima; similarly for the set of symmetric relations.
Thus the infimum of a set of equivalence relations is a symmetric preorder, thus an equivalence relation.

For any binary relation R, we call equivalence relation generated by R, the smallest equivalence
relation greater than R. It is the preorder generated by (x,y) — (xRy V yRx), (since the preorder
generated by a symmetric relation is symmetric).

In the canonical bijection between preorders R on X and sets F' of subsets of X stable by unions
and intersections, the equivalence relations correspond to the sets F' also stable by complementarity
(Cx[F] C F, which can also be written Cx[F] = F).

The notions of generated preorder and generated equivalence relation, are examples of a general
notion of a binary relation of a given kind generated by a binary relation R on X, for any kind of
binary relation defined by a system of axioms, all of the form : (a conjunction of formulas R(¢,t’)
where t,t' are terms independent of R) implies (another formula R(t,t’) for other ¢,t').

Indeed, such an axioms system corresponds to a function f from P(X x X) into itself (or a subset
of P(X x X) x (X x X)), and the conformity of a relation to these axiomes means it belongs to T(f).
Moreover, each axiom only using a finite list of conditions, the last theorem says that, denoting R’
the relation thus generated by R, any formula R’(z,z’) with given x and 2/, is true iff it has a finite
proof where each step consists in deducing, from the truth of premises of some axiom, that of its
conclusion.

Later, we shall still generalize this process by replacing the binary relation by a system of relations
with any arities between diverse sets.

Proposition. Let R € Bx. The smallest transitive relation T greater than R, called the transitive
closure of R, satisfies

Ve,ye X,2Ty < (Ize€e X,o RzANz [R]y) < (3z€ X,z [R] Az Ry)
Ve,y e X,z [Rly< (eTyVe =y).

_>
Proof: Let T’ = {(z,y)|32 € X,z Rz Az [R] y}. Then T" =[R], oR. By definition of [R],, 1" is
the smallest relation greater than R such that go T’ < T, i.e. that

Va,y,z2 € X, 2Ty NyRz = 2T 2.

But T satisfies both conditions thus 77 C T. The other inequality 7' C T’ comes from the transitivity
of T: Va,y,z € X, 2T'y ANyT'z = 2T’y ANy [R]| z = zT" 2.

The other equivalence follows by symmtry. The second formula can be directly checked easily
(seeing that (xTy V x = y) is a preorder), or from the fixed point theorem. O

Well-founded relations

Consider a set X with a binary relation R, £ = P(X), and R® e EP.

VACX,WyeX,ye R (A) & Ry = A.

Denote D = /‘(<}_%.), ie.
VAC X,Vye X,y € Dr(A) Y?(y) cA
VA C X,A C Dgr(A) & A € Cut('R).

It is related to the g defined for generated preorders, by Pr = Cx o goCx.

Denote Fr = fﬁw € EF the corresponding closure. The relation = € Fr(B) between B € E
and x € X will be read z is founded on B by R, and is equivalently expressible by:

VACX,(BCA/\VyEX,?(y)CA:>y€A):>x€A
VACCxB, (Vye A, ANRy)#0) =z ¢ A
VACCxB,ACR.(A)=z¢ A
VAC X,z € ANACR.(A)=ANB#
VACCxB,oe A= (Jye A, AnR(y) =0)
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The set X with R is called well-founded (or: the relation R is well-founded) when Fr()) = X,
which is equivalenly expressible as

VACX,(VxeX,ﬁ(x)CA:>xeA):>A:X
VACX,(Vxe AJye A,yRz) = A=10
VAC X,AC R.(A) = A=
VAC X, A#0= 3z € A, AN R(z)=0)

Given a set X with a well-founded relation R, and a formula P with variable x € X, a proof by
induction of (Vx € X, P(z)), is a proof that for all x € X, deduces P(z) from the hypothesis Vy €
%(x),P(y) Indeed the set A = {x € X|P(x)} then satisfying Vz € X,ﬁ(m) C A=z € A, this
implies A = X.

Proposition.(_Let X and i(itwo sets, R € Bx,S € By,u € YX. Then
1) IfVx € X, S (u(x)) C u[R(x)], then u, o Fr < Fgou, et Frou* <u* o Fg.
2) IfVz € X,u[ﬁ(m)] C <g(u(an)), then u* o Fg < Frowu* and if S is well-founded then R too.

It comes from the formulas of transport of closure, translating the hypotheses as follows:

(Vo € X, S (u(z)) c u[R(2)]) & Vo € X,VAC X, R(z) = A= S (u(z)) C u[4]
SVYAC XYz e X,z € R (A) = u(z) € Ds(u[A])
& VA C X, u[R(A)] C Ds(u[A])

(Vz € X,u[R(2)] ¢ S(u(z)) & Vz € X,¥B C Y, S(u(z)) = B= R(z) C u*(B)
& VB CY,Vr € X,u(z) € 5 (B) =z € Dp(u*(B))

& VB Y,u* (S (B)) c Dr(u*(B)) O
Corollary. Let R and R’ two binary relations on the same set. If R < R’ and R’ is well-founded
then R is well-founded.

Proposition. Let R a binary relation on a set X, K C X such that K € Cut('R), and let R’ the
restriction of R to K. Then VB C X,Fr(K N B) = KN Fr(B). If moreover K € Im Fg then
VB C K,]:R/<B) = ]:R(B).

This comes from the previous proposition, with u = Idg from K to X; the last point comes as a
particular case of the properties of f4. O

Proposition. Let R a binary relation on a set X, and z € X. There is equivalence between :
1) z € Fr(0)

2) R(2) € Fa(0)

3) RI(2) € Fa(h)

4) the restriction of R to W(z) is well-founded.

From Fg(0) € Fix Dg comes 1) < 2), and Fr(0) € Cut(‘R) thus 1) < 3).
Finally, 3) < 4) comes from the last proposition with W(z) € Cut('R). O

Proposition. The transitive closure T of a well-founded relation R is well-founded.
Proof: VAC X,((ACT.A)AN(B=AUT.A=[R], A)=ACB=T.,A=R.,B=0. O
Proposition. Any well-founded relation is antireflexive and antisymmetric.

Proof: Vz € X,3y € {z},{z}N ?(y) = () thus R is antireflexive. For antisymmetry, we can either use
A = {z,y}, or note that T being antireflexive is also antisymmetric. O

Proposition. The preorder generated by a well-founded relation is an order.

It comes from z [R] y < (¢Ty V x = y) and the antisymmetry of T. O
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Proposition. Let R a well-founded relation on a set X such that Vx € X,ﬁ(m) is finite. Then
Vo € X, m(x) is finite.

Proof 1 by induction: let y € X such that Vz € ?(y), W(w) is finite. Then

Rl(y)={wv |J TRl
%
ze R(y)
being a finite union of finite sets is finite.

Proof 2: Vx € X,3A finite C X,z € AN [(ﬁ.),ﬂ(@) = A. By the fixed point theorem, A C Dg(A)
thus A € Cut(‘R) thus W(:ﬁ) C A O

Theorem (generalized recursion principle). Let (X, R) a well-founded set, (E;)zex a family of

sets, and
r=1]]E,
yeX

Vo€ X, P, = H E,
yeﬁ(z)
Ve e X,Vf e Pr,(f) = f|<}_2( ) € P,

Let ¢ € [[,ex EFe a family of functions ¢, : P, — E,. Then, Y € P,Vx € X, (z) = ¢.(rx(¢)).

Proof. Let F =[], .y Ez, and K = {h € P|Vz € X, h(z) = ¢ (rz(h))}.
Let g = A(S) € P(F)PF) where Gr(S) = {(Gr(w), (z, ¢s(1)))|z € X,u € Py}, ie.

VG C F,g9(G) = {(z, ¢z (v))|z € X,u € P, A Gr(u) C G}.

VG CF,let A={zxc X3y E,,(x,y) € G}, and h € [[,. 4 £ defined by Grh C G.

x€EA
Vo e X, R(x) C A= (Vy € By, (1,y) € 9(G) & y = %(h‘y—%( ))) =3y € B, (z,y) € 9(G)

GeFixg= (VzeX, R(z) CA= (AyeEk, (1.y) €G) =z A) =>A=X = (he PAG =Grh)
Vh € P,Grh € Fixg & (V(z,y) € F,(z,y) € Grh < y = ¢, (r.(h))) ©he K
I € K,Gry : minFixg AVh € P,(h € K = Gr(h) € Fixg = Gr(¢) C Gr(h) = ¢ = h). O

Proposition. With the same notations, if ¢,¢' € [, EL*, ¥,v' € P defined by induction respec-
tively by ¢ and ¢/, if A € Cut(‘R) and ¢4 = #A’ then 14 = w\//r In particular for any fixed y € X,

with A= [R1(y), if 14 = ¢, then (y) = ¥ (y).

We just need to apply the uniqueness result to the set A with ¢4 € [],c 4 EP= while the restriction
R’ of R to A is well-founded and from A € Cut(*R) comes Va € A, <E(arj) = R'(x), so that the definitions

of P, in X and A coincide. O

Example 1. The induction principle is the particular case of the induction on N with the well-
founded relation (z,y) — (y =  + 1). However the same formula on Z does not give a well-founded
relation.

Example 2. If R and S are binary relations on E, where R is well-founded and Vz,y € E, (xSy) <
(x=yV3Iz e E, (zSzAzRy)), then S =[R].

Indeed this formula can be written

P
e B, Sy ={yu {J
F
ze R(y)

S(2)

which defines 5 by induction. But fRﬁ satisfies the same formula, thus S =[R].
This can also be seen as for all z a definition of (y — («Sy)) by induction.
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